EEE 305 Lecture 1
Mathematical model
A mathematical model can be broadly defined as a formulation or equation that expresses the
essential features of a physical system or process in mathematical terms.
Models can be represented by a functional relationship between dependent variables, independent
variables, parameters, and forcing functions.
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Dependent variable - a characteristic that usually reflects the behavior or state of the system
Independent variables - dimensions, such as time and space, along which the system’s
behavior is being determined
•
Parameters - constants reflective of the system’s properties or composition
•
Forcing functions - external influences acting upon the system
Assuming a bungee jumper is in mid-flight, an analytical model for the jumper’s velocity, accounting
for drag, is
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Dependent variable - velocity v
Independent variables - time t
Parameters - mass m, drag coefficient cd
Forcing function - gravitational acceleration g

Using a computer (or a calculator), the model can be used to generate a graphical
representation of the system. For example, the graph below represents the velocity of a 68.1 kg
jumper, assuming a drag coefficient of 0.25 kg/m
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The significant figures of a number are digits that carry meaning contributing to its measurement
resolution.
Numbers are often rounded to avoid reporting insignificant figures. For example, it would create
false precision to express a measurement as 12.34500 kg (which has seven significant figures) if the
scales only measured to the nearest gram and gave a reading of 12.345 kg (which has five significant
figures). Numbers can also be rounded merely for simplicity rather than to indicate a given precision
of measurement, for example, to make them faster to pronounce in news broadcasts.
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Accuracy and Precision
Accuracy refers to how closely a computed or measured value agrees with the true value, while
precision refers to how closely individual computed or measured values agree with each other.
The following diagram explains the concept of accuracy and precision with the help of an example of
dart.

a)
b)
c)
d)

inaccurate and imprecise
accurate and imprecise
inaccurate and precise
accurate and precise
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During any measurement and approximation, the values used are not 100% accurate the difference
in the actual value and the approximation or measurement is basically the error.
𝑇𝑟𝑢𝑒 𝑉𝑎𝑙𝑢𝑒 = 𝐴𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛 + 𝑒𝑟𝑟𝑜𝑟
Error can be properly classified as
• True error (Et): the difference between the true value and the approximation.
𝐸𝑡 = 𝑇𝑟𝑢𝑒 𝑉𝑎𝑙𝑢𝑒 − 𝐴𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛
• Absolute error (|Et|): the absolute difference between the true value and the
approximation.
𝐸𝑡 = 𝑇𝑟𝑢𝑒 𝑉𝑎𝑙𝑢𝑒 − 𝐴𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛
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Error definition
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True fractional relative error: the true error divided by the true value.
𝑇𝑟𝑢𝑒 𝑒𝑟𝑟𝑜𝑟 𝑇𝑟𝑢𝑒 𝑉𝑎𝑙𝑢𝑒 − 𝐴𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛
ℇ𝑡 =
=
𝑇𝑟𝑢𝑒 𝑉𝑎𝑙𝑢𝑒
𝑇𝑟𝑢𝑒 𝑉𝑎𝑙𝑢𝑒
Relative error (et): the true fractional relative error expressed as a percentage.
𝑇𝑟𝑢𝑒 𝑒𝑟𝑟𝑜𝑟
𝑇𝑟𝑢𝑒 𝑉𝑎𝑙𝑢𝑒 − 𝐴𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛
%ℇ𝑡 =
× 100% =
× 100%
𝑇𝑟𝑢𝑒 𝑉𝑎𝑙𝑢𝑒
𝑇𝑟𝑢𝑒 𝑉𝑎𝑙𝑢𝑒
The previous definitions of error relied on knowing a true value. If that is not the case,
approximations can be made to the error.
𝐴𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑒 𝑒𝑟𝑟𝑜𝑟 = 𝐶𝑢𝑟𝑟𝑒𝑛𝑡 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛 − 𝑃𝑟𝑒𝑣𝑖𝑜𝑢𝑠 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛
The approximate percent relative error can be given as the approximate error divided by the
approximation, expressed as a percentage - though this presents the challenge of finding the
approximate error!
𝐴𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑒 𝑒𝑟𝑟𝑜𝑟
ℇ𝑎 =
× 100%
𝐴𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛
𝐶𝑢𝑟𝑟𝑒𝑛𝑡 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛 − 𝑃𝑟𝑒𝑣𝑖𝑜𝑢𝑠 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛
ℇ𝑎 =
× 100%
𝐶𝑢𝑟𝑟𝑒𝑛𝑡 𝐴𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛

•

For iterative processes, the error can be approximated as the difference in values between
successive iterations.
𝑥𝑖+1 − 𝑥𝑖
ℇ𝑎 =
× 100%
𝑥𝑖+1
Often, when performing calculations, we may not be concerned with the sign of the error but are
interested in whether the absolute value of the percent relative error is lower than a prespecified
tolerance, es. For such cases, the computation is repeated until | ea |< es
This relationship is referred to as a stopping criterion.

Error classification
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1. Round off error
2. Truncation error
Round off errors arise because digital computers cannot represent some quantities exactly. There
are two major facets of round off errors involved in numerical calculations:
– Digital computers have size and precision limits on their ability to represent
numbers.
– Certain numerical manipulations are highly sensitive to round off errors.
Round off error can happen in several circumstances other than just storing numbers - for example:
– Large computations - if a process performs a large number of computations, round
off errors may build up to become significant
– Adding a Large and a Small Number - Since the small number’s mantissa is shifted
to the right to be the same scale as the large number, digits are lost
– Smearing - Smearing occurs whenever the individual terms in a summation are
larger than the summation itself.
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Floating point representation of numbers

1
𝑏

≤𝑚<1

Example:

An example of how floating point numbers are stored in a word is shown below
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Arithmetic manipulation of computer numbers
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Truncation errors are those that result from using an approximation in place of an exact
mathematical procedure.
 Example 1: approximation to a derivative using a finite-difference equation:

dv v v(ti 1 )  v(ti )


dt t
ti 1  ti


Example 2: The Taylor Series

Taylor theorem and series
• The Taylor theorem states that any smooth function can be approximated as a polynomial.
• The Taylor series provides a means to express this idea mathematically.
The Taylor series can be written as

f xi 1   f xi   f ' xi h 

f '' xi  2 f (3) xi  3
f ( n ) xi  n
h 
h 
h  Rn
2!
3!
n!

The actual value of a function and different order Taylor series approximation are plotted below.

•
•

In general, the nth order Taylor series expansion will be exact for an nth order polynomial.
In other cases, the remainder term Rn is of the order of hn+1, meaning:
 The more terms are used, the smaller the error, and
 The smaller the spacing, the smaller the error for a given number of terms.
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Numerical Differentiation
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Total Numerical error
The total numerical error is the summation of the truncation and round off errors.
The truncation error generally increases as the step size increases, while the round off error
decreases as the step size increases - this leads to a point of diminishing returns for step size.

Blunders - errors caused by malfunctions of the computer or human imperfection.
Model errors - errors resulting from incomplete mathematical models.
Data uncertainty - errors resulting from the accuracy and/or precision of the data.






Chapra example 3.1
Chapra example 3.2
Chapra example 3.3
Chapra example 3.5
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Other errors
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