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Boolean Functions 

A Boolean function described by an algebraic expression consists of binary variables, the constants 0 

and 1, and the logic operation symbols. For a given value of the binary variables, the function can be 

equal to either 1 or 0. As an example, consider the Boolean function  

F1 = x + y’z 

The function     F1    is equal to 1 if x is equal to 1 or if both    yand z are equal to 1.    F1 is equal to 0 

otherwise. The complement operation dictates that when    y’ = 1, y = 0.     Therefore, F1=1  i f   x = 1 

or if  y = 0 and  z = 1.    A Boolean function expresses the logical relationship between binary 

variables and is evaluated by determining the binary value of the expression for all possible values of 

the variables. 

A truth table can be easily generated for the functions. The number of rows in the truth table can be 

found using 2n where n is the number of variables.  
Table 1 Truth table for the function F1 

 
The circuit implementation of the function F1 is as follows 

 
Figure 1 Gate implementation of function F1 

Simplification of Boolean circuit is sometimes necessary since it will reduce the number of gates 

necessary to implement a circuit and hence reduce the cost of implementing a logic circuit. 

Consider the function, the truth table will be 
Table 2 Truth table for the function F2 
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The resulting circuit implementation will be 

 
Figure 2 Implementation of function F2 

We can simplify the Boolean function F2 using the techniques learnt in lecture 3. 

 
The simplified implementation will be as in figure 3. Look that the requirement of number of gates 

has been reduced due to the simplification of the Boolean function. The logic circuit implemented in 

figure 2 and figure 3 is exactly same.  So circuit simplification is very much a necessity. 

 
Figure 3 Implementation of simplified function F2 

Minterms and Maxterms 

A binary variable may appear either in its normal form (x) or in its complement form (x’).  Now 

consider two binary variables x and y combined with an AND operation. Since each variable may 

appear in either form, there are four possible combinations:    x’y’, x’y, xy’,and xy. Each of these four 

AND terms is called a minterm, or a standard product. In a similar manner, n variables can be 

combined to form 2n minterms.  The 2n different minterms may be determined by a method similar 

to the one shown in Table   below     for three variables. The binary numbers from 0 to 2n – 1 are 

listed under the n variables. Each minterm is obtained from an AND term of the n variables, with 

each variable being primed if the corresponding bit of the binary number is a 0 and unprimed if a 1. 

A symbol for each minterm is also shown in the table and is of the form    mj,     where the subscript j 

denotes the decimal equivalent of the binary number of the minterm designated.  

In a similar fashion, n variables forming an OR term, with each variable being primed or unprimed, 

provide 2n possible combinations, called maxterms, or standard sums. The eight maxterms for three 

variables, together with their symbolic designations, are listed in   Table below.  Any 2n maxterms for 

n variables may be determined similarly. It is important to note that (1) each maxterm is obtained 

from an OR term of the n variables, with each variable being unprimed if the corresponding bit is a 0 

and primed if a 1, and (2) each maxterm is the complement of its corresponding minterm and vice 

versa.  
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Table 3 Minterms and Maxterms for 3 binary variables 

 
 A Boolean function can be expressed algebraically from a given truth table by forming a minterm for 

each combination of the variables that produces a 1 in the function and then taking the OR of all 

those terms.  For example, the function    f1 in Table 4 is determined by expressing the combinations 

001, 100, and 111 as    x’y’z, xy’z’,      and xyz, respectively. Since each one of these minterms results 

in    f1 = 1, we have:  

f1 = x’y’z + xy’z’ + xyz = m1 + m4 + m7 
Table 4 Functions of 3 variable 

 

Similarly,  

Since maxterms are the complement of minterms, if we take the complement function of f1 in terms 

of minterms and complement the whole function, we will get the function in terms of max terms 

 
Similarly, 
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To convert a function to sum of minterms or product of maxterms, we can simply convert the 

function to truth tables and convert them to sum of minterms or product of max terms. 

Eg 

For the function F= A+ B’C the truth table will be 

 
The truth table shown in  table can be derived directly from the algebraic expression by listing the 

eight binary combinations under variables A, B, and C and inserting 1’s under F for those 

combinations for which    A = 1     and     BC = 01.    From the truth table, we can then read the five 

minterms of the function to be 1, 4, 5, 6, and 7. 

Conversion between Canonical Forms 

The complement of a function expressed as the sum of minterms equals the sum of minterms 

missing from the original function. This is because the original function is expressed by those 

minterms which make the function equal to 1, whereas its complement is a 1 for those minterms for 

which the function is a 0. As an example, consider the function 

 
This function has a complement that can be expressed as 

 
Now, if we take the complement of F’ by DeMorgan’s  theorem,  we  obtain F in a different form: 

 
We can also use shortcut by using the terms with function values 0 as the sum of maxterms 

 

Here , so  
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Standard forms 

The two canonical forms of Boolean algebra are basic forms that one obtains from reading a given 

function from the truth table. These forms are very seldom the ones with the least number of 

literals, because each minterm or maxterm must contain, by definition, all the variables, either 

complemented or uncomplemented.  

Another way to express Boolean functions is in standard form. In this configuration, the terms that 

form the function may contain one, two, or any number of literals. There are two types of standard 

forms: the sum of products and products of sums.  

The sum of products is a Boolean expression containing AND terms, called product terms, with one 

or more literals each. The sum denotes the O Ring of these terms. An example of a function 

expressed as a sum of products is 

 
The expression has three product terms, with one, two, and three literals. Their sum is, in effect, an 

OR operation.  

 The logic diagram of a sum‐of‐products expression consists of a group of AND gates followed by a 

single OR gate. This configuration pattern is shown in figure 4 a. Each product term requires an AND 

gate, except for a term with a single literal. The logic sum is formed with an OR gate whose inputs 

are the outputs of the AND gates and the single literal. It is assumed that the input variables are 

directly available in their comple-ments, so inverters are not included in the diagram. This circuit 

configuration is referred to as a two‐level implementation. 

 
Figure 4 Two-level implementation 

A product of sums is a Boolean expression containing OR terms, called sum terms. Each term may 

have any number of literals. The product denotes the ANDing of these terms. An example of a 

function expressed as a product of sums is 

 
This expression has three sum terms, with one, two, and three literals. The product is an AND 

operation. The use of the words product and sum stems from the similarity of the AND operation to 

the arithmetic product (multiplication) and the similarity of the OR operation to the arithmetic sum 

(addition). The gate structure of the product‐of‐sums expression consists of a group of OR gates for 

the sum terms (except for a single literal), followed by an AND gate, as shown in figure 4b.  This 

standard type of expression results in a two‐level structure of gates.   

 A Boolean function may be expressed in a nonstandard form. For example, the function 

 
is neither in sum‐of‐products nor in product‐of‐sums form. The implementation of this expression is 

shown in figure 5a and requires two AND gates and two OR gates. There are three levels of gating in 

this circuit. It can be changed to a standard form by using the distributive law to remove the 

parentheses: 
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The sum‐of‐products expression is implemented in figure 5 b. In general, a two‐level implementation 

is preferred because it produces the least amount of delay through the gates when the signal 

propagates from the inputs to the output. However, the number of inputs to a given gate might not 

be practical.   

 
Figure 5 Three and Two-level implementation 

Eg. Implementation of y= AC + BC’ +A’BC 

 
 

1. Draw the circuit implementation of expression x=(A+B)(B’+C) 

2. Determine the Boolean expression for 3 input NOR gate followed by an inverter. 

3. Implement the expression 𝑋 = 𝐴𝐵. (𝐶 + 𝐷)                          

4. Simplify the following Boolean expressions and draw the logic diagram of the expressions 

after simplification. 

 
5. Implement the Boolean function  F = xy  +  x’ y’   +  y’ z 

6. Write the Boolean equations and draw the logic diagram of the circuit whose outputs are 

defined by the following truth table: 
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Describing Boolean logic function algebraically from circuit 

A Boolean logic circuit can be easily described algebraically if we can remember the Boolean 

identities from lecture 2. For this we have to describe each of the logic gates in the circuit and 

combine them.  It is always a good idea to start from the leftmost gates and sequentially progress 

towards the right gates. IF the output of a gate enters the input of another gate, the full output will 

be treated like a single variable( more like combination of variables in a bracket).  

I.  

II.  

III.  

IV.  

V.  

VI.  
Figure 6 Examples of describing Boolean logic function algebraically 
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The procedure to deriving the logic function can be summarized as  

 Label all gate outputs that are a function of input variables with arbitrary symbols but with 

meaningful names. Determine the Boolean functions for each gate output.   

 Label the gates that are a function of input variables and previously labeled gates  with other 

arbitrary symbols. Find the Boolean functions for these gates.   

 Repeat the process outlined in step 2 until the outputs of the circuit are obtained.   

 By repeated substitution of previously defined functions, obtain the output Boolean 

functions in terms of input variables.    

Example  

 
Figure 7 Evaluating the function of a boolean circuit 

The circuit has 2 outputs F1 and F2. Here we have defined 3 functions to start with , T1, T2 and F2. 

These functions are: 

 
With these we can easily define T3, F2’, and F1 

 
Finally,  
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Determining output level from a Logic Circuit 

Another way of analyzing a Boolean circuit is to generate a truth table of the Boolean circuit, i.e. to 

find the output level of the logic circuit for different input levels. 

The method followed to get the output level is similar to getting the Boolean function but easier as 

there is no need to consider any Boolean variables. An example of this technique is shown below 

 
The procedure to finding the truth table of a logic circuit can be summarized as 

 Determine the number of input variables in the circuit. For n inputs, form the    2n possible 

input combinations and list the binary numbers from 0 to    (2n - 1)     in a table.   

 Label the outputs of selected gates with arbitrary symbols.   

 Obtain the truth table for the outputs of those gates which are a function of the input 

variables only.   

 Proceed to obtain the truth table for the outputs of those gates which are a function of 

previously defined values until the columns for all outputs are determined.    

The truth table of the circuit in figure 7 will be 

 

 

Gate level minimization 
Number of gates required to implement a Boolean logic can be minimized by 2 methods. 

Either by simplifying the circuit or by minimizing the different types of gates required to implement a 

circuit. Sometimes both the techniques are used to simplify the circuit required to implement a 

Boolean logic 

Boolean function simplification 

Simplification of Boolean circuit can be done in mainly two ways 

 Using Algebraic simplification (Lecture 3) 

 Using KARNAUGH mapping (Lecture 5) 

Gate universality 

The number of different type of gates required to implement a circuit can be minimized if a single 

gate can be adapted to function as different gates. This can be easily done by using NAND gates or 
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NOR gates. These gates are also known as universal gates as either one of them can be used to 

implement a circuit. 

 
Figure 8 Implementation of different gates using NAND gates 

 

Figure 9 Implementation of different functions using NOR gates 

1. Implement the following functions using only  

i. NAND gates and 

ii. NOR gates 

 
2. Write Boolean expression and make the truth table for  

a.  
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b.  
 

 

Alternate symbol for different logic gates 

 


